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Various cosmological models in frames of F (T ) gravity are considered. The general scheme of
constructing effective dark energy models with various evolution is presented. It is showed that
these models in principle are compatible with ΛCDM model. The dynamics of universe governed by
F (T ) gravity can mimics ΛCDM evolution in past but declines from it in a future. We also construct
some dark energy models with the “real” (non-effective) equation-of-state parameter w such that
w ≤ −1. It is showed that in F (T ) gravity the Universe filled phantom field not necessarily ends its
existence in singularity. There are two possible mechanisms permitting the final singularity. Firstly
due to the nonlinear dependence between energy density and H2 (H is the Hubble parameter) the
universe can expands not so fast as in the general relativity and in fact Little Rip regime take place
instead Big Rip. We also considered the models with possible bounce in future. In these models the
universe expansion can mimics the dynamics with future singularity but due to bounce in future
universe begin contracts.
I. INTRODUCTION
The problem of initial singularity in the cosmological models based on General Relativity (GR) is one of the puzzles
of modern physics. For resolution of this problem many approaches are offered such as null-energy-condition violating
quantum fluctuations [1, 2], quantum gravity effects, or effective field theory techniques.
The initial singularity can be avoided in frames of non-singular bouncing cosmological models [3]. The key feature of
such models is modification of standard Einstein-Hilbert action. The Pre-Big-Bang [4] and the Ekpyrotic [5] models,
gravitational actions with higher order corrections [6], braneworld scenarios [7], loop quantum cosmology [8] are
investigated in detail. For a review on models of modifying higher derivative gravity, which solve cosmic singularities
in an efficient way, we refer to Ref. [9].
Above mentioned theories also attract attention for explaining of accelerated expansion of the universe [10], [11].
In frames of standard GR cosmology for explaining current acceleration one need to introduce the dark energy
phenomena. The dark energy has negative pressure (for review see [12–19]). In frames of ΛCDM model in which the
dark energy is simply cosmological constant (p = −ρ) the observational data require that dark matter and baryonic
matter 27.4% of universe energy [20]. The equation-of-state parameter wD for dark energy is negative:
wD = pD/ρD < 0 , (1)
where ρD is the dark energy density and pD is the pressure. If w < −1 the violation of all four energy conditions
occurs. The corresponding phantom field, which is instable as quantum field theory [21] but could be stable in classical
cosmology may be naturally described by the scalar field with the negative kinetic term.
Phantom cosmology may lead to so-called Big Rip singularity [22–27]. There are several main ways to avoid the
Big Rip singularity:
(i) for some scalar potentials one can consider phantom acceleration as transient phenomenon.
(ii) probably the accounting of quantum effects may delay/stop the singularity occurrence [28].
(iii) in theories of modified gravity one can construct cosmological models which can mimics phantom acceleration
but free from singularities (for review, see [29],[30],[31]).
Besides the Big Rip singularity another finite-time singularities may occur (for classification see [39].
Theoretical description of dark energy often use the formalism of equation-of-state. For pressure of dark energy
one can choose the general expression
p = −ρ− g(ρ) , (2)
where g(ρ) is function of energy density. The case g(ρ) > 0 corresponds to w < −1.
One note that in frames of EoS formalism one can construct phantom energy models with w < −1 but without
Big Rip singularity. There are two possibilities: w asymptotically tends to −1 and energy density increases with time
(Little Rip, see [33–37]) or remains constant [38–40]. The key moment is that if w approaches −1 sufficiently rapidly,
then it is possible to have a model in which the time required for singularity is infinite, i.e., singularity effectively does
not occur.
2The aim of this article is constructing the phantom models in frames of f(T ) gravity. This modification of gravity is
more simple than f(R) gravity which lead to fourth-order field equations. The reconstruction of different cosmological
models in frames of F (T ) gravity can be performed [41].
In frames of F (T ) theory the null energy condition could be effectively violated and therefore one can obtain the
cosmological solutions with acceleration but without dark energy (“effective dark energy model”) and models with
bounce in the early universe or in the future. The initial or future singularities can be avoided in F (T ) gravity.
This paper is organized as follows. In the next section we briefly describe the key equations of f(T ) cosmology.
Further the general method of constructing “effective dark energy” models (i.e. models in which universe expands
with acceleration containing baryon and dark matter only) is presented. We also consider the phantom energy in
frames of F (T ) gravity with various EoS and investigate the possibilities of avoiding of big rip singularity. The last
section is devoted to conclusions.
II. f(T ) GRAVITY AND COSMOLOGY
We consider a flat Friedmann-Robertson-Walker spacetime with metric
ds2 = dt2 − a2(t) δijdx
idxj , (3)
where a(t) is the scale factor. The action in f(T) gravity can be written as
S =
1
2
∫
d4xe [T + f(T ) + Lm] , (4)
where T is the torsion scalar T . For f(T ) = 0 the action (4) is completely equivalent to GR.
The derivation of the equations is described in detail in [42]. We follow to this work. In this approach dynamical
variables are vierbein fields eA(x
µ). One can define with these fields an orthonormal basis for the tangent space at
each point, i.e. eA · eB = ηAB, where ηAB = diag(1,−1,−1,−1). The components e
µ
A of vector eA i are eA = e
µ
A∂µ.
For metric tensor we have the following relation
gµν(x) = ηAB e
A
µ (x) e
B
ν (x). (5)
In F (T ) gravity the curvatureless Weitzenbo¨ck connection is used instead the torsionless connection in GR.
The “teleparallel Lagrangian” is simply torsion scalar, i.e.
T ≡ S µνρ T
ρ
µν , (6)
where
S µνρ =
1
2
(
Kµνρ + δ
µ
ρ T
αν
α − δ
ν
ρ T
αµ
α
)
, (7)
and
Kµνρ = −
1
2
(
T µνρ − T
νµ
ρ − T
µν
ρ
)
. (8)
is difference between the Weitzenbo¨ck and Levi-Civita connections. The torsion tensor is defined as
T λµν =
w
Γ
λ
νµ −
w
Γ
λ
µν = e
λ
A (∂µe
A
ν − ∂νe
A
µ ). (9)
The equations of motion can be obtained by varying the action (4) with respect to the vierbein:
e−1∂µ(eSA
µν)[1 + f,T ]− e
λ
AT
ρ
µλSρ
νµ + SA
µν∂µ(T )f,TT −
1
4
eνA[T + f(T )] =
1
2
eρA
em
T ρ
ν , (10)
where f,T and f,TT are the first and second derivatives of the function f(T ) with respect to T , and the mixed indices
are used as in SA
µν = eρASρ
µν . The energy-momentum tensor is
em
T ρ
ν .
3For universe filled “perfect fluid” with
em
T µν = diag(ρ,−p,−p,−p) where ρ and p are the energy density and pressure
of the matter content, one can see that (10) lead to the Friedmann equations
H2 =
ρ
3
−
f(T )
6
− 2f,TH
2 (11)
H˙ = −
ρ+ p
2(1 + f,T − 12H2f,TT )
, (12)
where H is the Hubble parameter H ≡ a˙/a, where a dot denotes a derivative with respect to coordinate time t. One
should to mention the useful relation between torsion scalar and Hubble parameter
T = −6H2, (13)
which can be easily derived from evaluation of (6). As one can expect from (11) and (12) the equation of continuity
follows
ρ˙+ 3H(ρ+ p) = 0. (14)
For given function f(T ) one can consider the parameter H as function of dark energy density, H = H(ρ).
III. DARK ENERGY COSMOLOGY IN F (T ) GRAVITY
Effective dark energy model in frames of F (T ) gravity.
Let’s briefly review the possibilities of constructing effective dark energy models in F (T ) gravity. There are al-
ternative to ΛCDM model [43], [44, 45], [46]. We assume that universe contains only cold dark matter with p = 0,
neglecting radiation. Then from the (12) one can obtain link between time and Hubble parameter
t = −
1
3
∫
dx
x1/2
d
dx
ln(6x+ f(x)− 2f ′(x)x), (15)
where x = H2 and prime designates the derivative on x. If universe expands so that H˙ > 0, i.e. 3−f ′(x)−xf ′′(x) < 0
the matter density
ρ = 3x+ f(x)/2− xf ′(x) (16)
decreases with growing H (ρ′(x) < 0) as might have been expected. Integrating by part we have
t = −
1
3
ln(6x+ f(x)− 2xf ′(x))
x1/2
|xx0 −
1
6
∫ x
x0
dx
x3/2
ln(6x+ f(x) − 2xf ′(x)). (17)
From this relation one can see that there are following possibilities defined by behavior of first term:
(i) the first term converges at x → ∞ (the second integral in this case also converges) and finite-time singularity
occurs.
(ii) the first term diverges at x → ∞. We have the little rip: universe expands with increasing acceleration but
singularity effectively does not occur.
(iii) t → ∞ x → xf , i.e. the rate of expansion tends to constant value in future. Asymptotic de Sitter regime
realizes.
Choosing the dependence 6x+ f(x)− 2xf ′(x) one can define the function f(x) and then matter density as function
of x. Further taking into account that
ρ = ρ0/a
3
one can derive the time evolution of scale factor. For comparison with observational data (for example, modulus vs
redshift relation for SNe Ia) one need the dependence H(z)/H0 from redshift z.
We take example. Let’s 6x+ f(x)− 2xf ′(x) = 3(x−xλ) exp(−βx
γ), β > 0 and x > xλ. Then we have the following
relation for determination H as function of redshift:
ρm0
(1 + z)3
= 3(H2 −H2λ) exp(−βH
2γ). (18)
4For β << H−2γ we have that our equation gives that
H2 ≈ H2λ +
ρm0
(1 + z)3
.
This relation corresponds to ΛCDM cosmology. From (17) one see that for γ ≤ 1/2 finite-time singularity occurs.
The little rip regime realizes if γ > 1/2. We also present the form of the function f(x) in a case when γ = 1:
f(x) = 6x−
(
3
2
√
π
β
erf(
√
βx) + 3xλ
[√
πβerf(
√
βx) + x−1/2 exp(−βx)
])
x1/2, (19)
where erf is error function.
Phantom energy models in frames of F(T) gravity.
Now let’s consider the features of cosmological models of phantom energy in F (T ) gravity. We will examine the
future evolution of our universe from the point at which the pressure and density are dominated by the dark energy.
Using (2) from (14), one can obtain the following link between time and f(ρ):
t =
1
3
∫ ρ
ρ0
dρ
H(ρ)f(ρ)
. (20)
The various possibilities of universe evolution in frames of usual FRLW cosmology are described in detail [48]. Here
we note the some features which can take place in F (T ) background.
1. Avoiding the Big Rip singularity due to “softening” of EoS
Let’s consider the case f(T ) = α(−T/6)β, where α and β are some constants. Using the relation T = −6H2 one
can rewrite the equation (11) in the following form:
((−2β + 1)α(H2)β−1 + 1)H2 =
ρ
3
. (21)
Assuming β > 1, α < 0 one can conclude that if |α| << (2β−1)−1H
2(1−β)
0 (H0 is the current Hubble parameter) than
the Eq. (21) differs from Friedmann equation negligibly. But from (12) follows that Hubble parameter grows with
time and the first term in brackets of (21) on late times becomes the dominant. We have the following asymptotic for
Hubble parameter:
H ∼ ρ1/2β , t >> 0.
Considering the case g ∼ ργ , γ > 0 one can see that in a case of GR cosmology the big singularity occurs if
1/2 < γ ≤ 1. But in a case of F (T ) gravity the condition of non-singular evolution is milder: γ ≤ 1− 1/2β. Therefore
if 1/2 < γ ≤ 1 − 1/2β we have little rip dynamics in a future instead big rip singularity as in general relativity.
Therefore the “effective” EoS on late times corresponds to initial with replacing γ → γ − 1/2 + 1/2β < γ.
For example one consider the case β = 2. From Eq.(21) it is easy to obtain for Hubble parameter:
H2 =
1
6α
(
1−
√
1− 4αρ
)
. (22)
For ρ≪ |α|−1 it follows that H2 ≈ ρ/3. If ρ >> |α|−1 we have H2 ≈ (1/3)(ρ/α)1/2.
2. Models with bounce.
Let’s consider the Eq. (11) as differential equation on function f(T ). Using relation (13) one can rewrite this
equation as
f ′(x)−
f(x)
2x
= −3 +
ρ(x)
x
. (23)
We consider the energy density as function of H2 in this equation. For given EoS one can derive the dependence
ρ = ρ(a) and choosing scale factor as function of time we obtain the dependence ρ = ρ(H2) (in general case only in
parametric form of course). The solution of (23) is
f(x) = Cx1/2 − 6x− x1/2
∫
ρ(x)dx
x3/2
, (24)
where C is integration constant. Using the continuity equation (14) we have for f as function of time
f(t) = Cx1/2(t)− 6x(t) + 2ρ(t)− 6x1/2(t)
∫
g(ρ(t))dt. (25)
5The generalization of (23) on a case of universe filled n-component fluid is simple. One note that g(ρ) = −(ρ+ p) and
therefore the Eq. (23) turns into
f(t) = Cx1/2(t)− 6x(t) + 2
n∑
i=1
ρi(t) + 6x
1/2(t)
n∑
i=1
∫
(ρi(t) + pi(t))dt. (26)
Further for simplicity we put C = 1.
One can simply construct the cosmological models without singularities (past or future).
ΛCDM model with bounce in past. In [42] the simplest version of an f(T ) matter bounce is considered. One
can construct little more complex model following to methodology [42]. Let’s consider the universe filled cold dark
matter and vacuum energy with density Λ. In this case the evolution of scale factor in GR cosmology can be written
in form
a(t) = a0 sinh
2/3(t/T ), (27)
where T = 2
√
1/3Λ. Our moment of time is t0 = T arcthΩ
1/2
Λ , ΩΛ = Λ/(ρm0 + Λ). The moment t = 0 corresponds
to Big Bang singularity. In f(T ) gravity one can consider the such evolution of scale factor which close to (27) at
t >> τ , where τ is the moment of time such that τ << T . For example let’s choose
ab(t) = a0 sinh
2/3
(
(t2 + τ2)1/2
T
)
. (28)
This dynamics mimics ΛCDM model: for ≪ τ < t ≪ T we have ab ∼ t
2/3 and for t >> T ab(t) ∼ exp(
√
Λ/3t).
At the moment t = 0 the bounce occurs instead Big Bang singularity. The time variable can be varies in interval
−∞ < t <∞.
For function f(t) the following relation take place
f(t) =
8
3T 2
τ2
τ2 + t2
coth2
(
(t2 + τ2)1/2
T
)
+
16t
3T 3(t2 + τ2)1/2
coth
(
(t2 + τ2)1/2
T
)∫
sinh−2
(
(t2 + τ2)1/2
T
)
dt. (29)
Introducing dimensionless time t˜ = t/T one can rewrite this relation in the form
f(t˜) = 2Λ
σ2
σ2 + t˜2
coth2(σ2 + t˜2)1/2 + 4Λ
t˜ coth(σ2 + t˜2)1/2
(t˜2 + σ2)1/2
∫
sinh−2(σ2 + t˜2)1/2dt˜. (30)
For T as function of t˜ one have
T = −2Λ
t˜2 coth2(σ2 + t˜2)1/2
(t˜2 + σ2)
. (31)
In order to present function f(T ) more clearly, in Fig. 1 we depict f(T ) for some values of σ. We also derived
the evolution of the f(T ) and the Hubble parameter as functions of the dimensionless cosmic time on Figs. 2 and 3
respectively. Our results as expected are close to [42].
The same method can be applied for constructing cosmological models without future singularities. One consider
two examples.
Quasi-rip dynamics with bounce in future. Let’s consider the simplest case of phantom model with constant
EoS parameter w0 = p/ρ = −1− ǫ/3 = const (g = ǫρ/3). In GR cosmology the evolution of scale factor as well known
is
a(t) =
t
2/ǫ
f
(tf − t)2/ǫ
. (32)
We put a(0) = 1. The moment of Big Rip singularity is tf = 2ǫ
−1ρ
−1/2
0 (ρ0 is the phantom energy density in the
moment t = 0). Let’s choose the scale factor in form
aB(t) =
(t2f + t
2
1)
1/ǫ
(t21 + (tf − t)
2)1/ǫ
, (33)
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FIG. 1: The form of f as a function of the torsion scalar T in ΛCDM bounce cosmology.
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FIG. 2: Evolution of the function f in terms of the dimensionless time t˜ in ΛCDM bounce cosmology.
where t1 is the constant and t1 << tf . For t << tf the aB(t) ∼ a(t) but in the moment t = tf the bounce occurs
instead Big Rip singularity. Phantom energy density is
ρ = ρ0a
ǫ
B(t) = ρ0
1 + δ2
δ2 + (1− t/tf )2
, δ = t1/tf . (34)
Substitution (33), (34) into (23) gives the following expression for f(t):
f(t) =
−2ρ0
δ2 + (1− t/tf )2
{
(1 + δ2) +
3(1− t/tf)
2
δ2 + (1− t/tf )2
+ 2(1− t/tf)(1 + δ
2)
1
δ
arctan
1− t/tf
δ
}
. (35)
The function f(t) is depicted on Fig. 4 for various δ. In the moment of bounce f(t) = −2ρ0(1 + δ
−2). On Fig. 5 the
dependence f from T is presented. The effective EoS parameter is
weff = −1−
2H˙
3H2
= −1−
2H˜ ′
3H˜2
, (36)
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FIG. 3: Evolution of the Hubble parameter H in terms of the dimensionless time t˜ in ΛCDM bounce cosmology.
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FIG. 4: Evolution of the Hubble parameter H in terms of the dimensionless time t˜ in quasi-rip bounce cosmology.
where comma means differentiation on dimensionless time t˜ = t/tf and H˜ = Htf is the dimensionless Hubble
parameter:
H˜ =
2
ǫ
1− t˜
δ2 + (1 − t˜)2
. (37)
The moment of “dephantomization” when weff = −1 is t˜ = 1 − δ. The moment of null acceleration (weff = −1/3)
corresponds to t˜ = 1− δǫ1/2/(2 + ǫ)1/2.
Little rip dynamics with bounce in future. The simple model with little rip (or sub-quantum potential -
g(ρ) = 4α2) in GR cosmology leads to the following evolution:
a(t) = exp(α2t2 + ρ0t), (38)
where ρ0 is energy density in the moment t = 0. For energy density as function of scale factor we have
ρ(a) = ρ0 + 3α
2 ln a. (39)
8−0.4
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10
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FIG. 5: Evolution of the function f in terms of the dimensionless time t˜ in quasi-rip bounce cosmology.
One can consider the cyclic model (for simplicity we put ρ0 = 0):
aB(t) = exp
(
α2t2b sin
2 t
tb
)
. (40)
For t << tb the evolution of such universe coincides with Little Rip model in GR, but at the moment t = πtf/2 the
bounce occurs and universe begin contracts. The moment t = πtf corresponds to next bounce and universe expand
again. The function f(t) in interval 0 < t < πtf
f(t) = 24α4t2f sin
t
tf
(
cos
t
tf
− sin
t
tf
+
2t
tf
cos
t
tf
)
(41)
It is obviously that f(t+ πtf ) = f(t).
One note that described method of constructing non-singular solutions with bounce can be applied for brane F (T )
theory [49] and bounce loop-quantum cosmology from F (T ) gravity[50]. We also can consider the observational data
[51] for constraining model parameters. We plan investigate this issue in a near future.
IV. CONCLUSION
In summary, various cosmological models in frames of F (T ) gravity are considered. The general scheme of con-
structing effective dark energy models with various evolution is presented. It is showed that these models in principle
are compatible with ΛCDM model. The dynamics of universe governed by F (T ) gravity can mimics ΛCDM evolution
in past but declines from it in a future. In addition we analyzed the some features which can take place in F (T )
gravity for universe filled real phantom energy with given EoS. It is showed that there are two possible mechanisms
of avoiding final singularities in F (T ) gravity. The first is that in F (T ) gravity the rate of universe expansion can
grows with energy density more slowly than in GR. Another possibility is bounce in future similar to that which may
occur at the beginning of the universe.
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